The colored HOMFLY polynomials, which describe Wilson loop averages in Chern-Simons theory, possess an especially simple representation for toric knots, which begins from quantum R-matrix and ends up with a trivially-looking split W representation familiar from character calculus applications to matrix models and Hurwitz theory. Substitution of MacDonald polynomials for characters in these formulas provides a very simple description of "superpolynomials", much simpler than the recently studied alternative which deforms relation to the WZNW theory and explicitly involves the Littlewood-Richardson coefficients. A lot of explicit expressions are presented for different representations (Young diagrams), many of them new. In particular, we provide the superpolynomial P for arbitrary m and k. The procedure is not restricted to the fundamental (all antisymmetric) representations and the toric knots, still in these cases some subtleties persist.
Introduction
Knot invariants stay among the central subjects of modern mathematical physics ever since the seminal paper [1] (see also latest developments in [2] ). Through variety of dualities they are related to the main topics of interest in string theory, in particular, to the stringy avatar of the Littlewood-Richardson coefficients: the topological vertex C P QR [3] , defined as a weighted sum over 3d partitions with fixed triple of Young diagrams P, Q, R at the boundaries, which is a clever group theory toy model of generic string vertices. Of special interest are concrete expressions and various properties of the (at least) two-parameter family C P QR (q|t), generalizing the "refined" McMahon formula C (q|t) = i,j (1 − q i t j ) −1 . Such a double-deformation is related within the group theory context with the MacDonald polynomials [4] , i.e. with the theory of Ruijsenaars integrable system [5] . Its knot counterparts are the Khovanov-Rozhansky homologies [6] and the "superpolynomials" [7, 8] Closer to the Earth, the knot invariants [9, 10] are non-trivial generalization of characters and, therefore, they begin to attract an increasing attention in all the (deeply interrelated) fields of theoretical physics which deal with character calculus: topological theories, matrix models, conformal theory, integrability theory, Hurwitz theory, AGT relations [11, 12, 13] . Knot invariants are usually defined as certain (Wilson loop) averages in the 3d Chern-Simons theory [1] in different gauges and for different descriptions of the knot itself, see [13] for a recent review. The averages, arising in this way, depend on the knot and representation (Young diagram), and additionally on two parameters: the Chern-Simons coupling constant and the rank of the group. They are known as HOMFLY polynomials (to avoid unnecessary complications we consider only SL(N ) groups in this paper).
These averages can be further deformed by switching from ordinary to quantum and elliptic groups, whose characters are MacDonald [4] and Askey-Wilson (and further Kerov) polynomials respectively. The knot invariants, associated with the MacDonald deformation are known as "superpolynomials" [7] . They depend on three parameters and have an important property that all the expansion coefficients are positive integers, thus revealing the hidden structure behind the knot geometry: that of the Khovanov-Rozhansky homologies. The additional (third) parameter is that of the quantum group, and it is also related to the β-deformation, which plays an increasingly important role in modern application of matrix models (for example, it is related to the central charge in the AGT relations [14] ). In principle, any approach to constructing the HOMFLY polynomials can be straightforwardly deformed and provide the superpolynomials, however, this is not yet done. The only notable exception is the very recent paper [10] , where a deformation is performed of, in fact, the most complicated approach to description of the HOMFLY polynomials: that coming from relation to the WZNW model and relying upon representation of the fusion rules in terms of the Littlewood-Richardson coefficients (this approach is so involved that we did not even include it into a brief review in [13] ). Still, despite all the technical problems, [10] reproduces the known examples of superpolynomials and provides a working construction, at least, for all toric knots.
In this paper we do the same in a much simpler way: by deforming the R-matrix representation of the knot and link invariants, realized as a closed braid. In the case of toric knots the formulas of this kind for the HOMFLY invariants are exceptionally simple [15] , and, as we explain in this paper, they are deformed in an equally simple way and immediately provide expressions for the superpolynomials in any desired representations. Extension to many non-toric knots is also straightforward, but somewhat more tedious. The biggest disadvantage of such a construction is that the R-matrix representations are still not derived from the Chern-Simons theory in the temporal gauge A 0 = 0 (see [16] for a recent description of the problems). From this point of view, more promising can be considerations in the holomorphic gauge Az = 0, which lead to the Kontsevich integrals and the Vassiliev invariants, and also can be easily deformed to the β-ensembles. This approach will be considered elsewhere. Another drawback of our construction is that it does not make the positivity property of the superpolynomials explicit: one can easily check it in any particular answer, but the general a priori reason remains obscure.
The net of different knot invariants is schematically presented in the following table:
P R (A|q|t) =P (a|q|t) !!! t = −1 or t = q a = 1
A R (q)
The superpolynomials P at the top are the most general, all other, HOMFLY H, Heegard-Floer F and Alexander A polynomials are obtained by fixing some of the arguments at special values: this is shown by descending arrows. The HOMFLY polynomials H are directly described by Chern-Simons theory, at least, in principle, and technically in terms of the quantum R-matrix theory. To obtain a superpolynomial one needs to construct an ascending arrow, denoted by (!!!): this is the subject of the present paper for the case of toric knots T [m, n]. Given the R-matrix representation of the HOMFLY polynomials, this arrow involves three deformations: substitution of the quantum (Schur) dimensions by the MacDonald ones, deformation of expansion coefficients c Q R and deformation of the W [2] operator (actually, of its eigenvalues on character eigenfunctions). Another ascending arrow, from Alexander A to Floer F polynomials is described in [17] . We use it for additional checks.
In our explicit construction of the ascending arrow (!!!) we exploit the fact that the toric knots and links form the entire series T [m, mk + p] (p = 0, . . . , m − 1) where k is an arbitrary positive integer, and the lowest element of the series with k = 0 is
This allows one to build up the knot invariants recursively: making an anzatz for the entire series (i.e. for all k at once) one can fix the few remaining parameters by imposing the "initial condition" (1) at k = 0. In fact, for the toric knots, the anzatz is a simple thing to write down: for example, it is immediately implied by knot invariants representation through braids and the universal quantum R-matrix.
Toric link T [m, n] (it becomes a knot whenever m and n are mutually prime) is represented by an m-strand braid B m and the knot invariant is schematically given by
Here R m is a combination of quantum R-matrices in representation R 1 ⊗ . . . ⊗ R m (for a knot all representations are the same R i = R) and Tr involves the group-theory factor ⊗ i t ρ R i , so that Tr I ⊗m = χ * R1 . . . χ * Rm . Representation R 1 ⊗ . . . ⊗ R m can be decomposed into irreducible representations
and each Q is an eigenspace of R m , with the corresponding eigenvalue λ Q . Then the knot invariant (2) is actually equal to 
thus consisting of three ingredients: 1) the characters calculated in a special point, χ
of the simplest cut-and-join operatorŴ [2] [18] on the Schur eigenfunction s Q {p} corresponding to the Young diagram Q (Q i are the lengths of rows in the diagram, Q = {Q 1 ≥ Q 2 ≥ . . . ≥ 0}):
(Q denotes the transposed Young diagram). In order to lift HOMFLY to the superpolynomials one needs to deform from the Schur to MacDonald characters χ Q = M Q (q 2 |t 2 ) separating the two constituents ν Q and ν Q of κ Q :
As we already noted, (4) provides a W -representation of the knot invariant for the toric link, known to be extremely useful in matrix models, and it does so for arbitrary values of the time-variables {p k }. To obtain the conventional knot invariants one should restrict the answer to the special one-parametric family
this is how the third argument A of the superpolynomial appears in the formula. Formulas (4), (7), (8) and (1) 
Notations. Before proceedings to details, we need to comment on the notation, which is pretty messy in the field. The main a priori object to study is "the Wilson average"
We put it in quotes because the q-t-deformation of the Chern-Simons theory itself is not fully developed yet, thus, there are even less chances to derive K knot R in this way than in the "standard" case of t = q (β = 1). K knot R is a function of three types of variables: q, t = q β and A = t N , and it is proportional to a polynomial in all of these variables. The proportionality coefficient is a know-dependent power, and we often omit it. Still, the polynomial is denoted differently, in general we denote it P (superpolynomial), for the special value of parameters q = t it reduces to the HOMFLY polynomial H.
Moreover, the most adequate object in our calculations is somewhat in between K and the superpolynomial P: the linear combination (36) of MacDonald dimensions M * R is a polynomial of A and A −1 and we denote the corresponding quasi-polynomial P (or H in the HOMFLY case). The initial condition (1) is nicely imposed on P, while in P it holds only up to factors of A.
One more thing is that K R is proportional to the polynomial P evaluated at the special point p k = p * k (8) in the time-variable space (thus, the proper notation would be P * ). The full initial condition should be imposed at all values of p k , not restricted to p k = p * k , only in this case it would be sufficient to define all the coefficients c Q in (4) unambiguously. Unfortunately, in this text we do not develop such a general formalism, and we actually denote P * just through P . We also use the following notation. First of all, throughout the paper we use the MacDonald polynomials with q → q 2 and t → t 2 as compared to the standard ones [4] . We also use the short-cut notation
In particular,
Last but not least, we use (A, q, t) to denote the natural parameters of MacDonald polynomials M R (q 2 , t 2 ), while parameters standard for superpolynomial discussions are denoted through (a, q, t). They are related through (43).
2 HOMFLY polynomials for toric knots 2.1 General construction [15] The rather formal and abstract construction briefly described in the Introduction is naturally specified for the HOMFLY polynomials. Consider toric knot T [m, n] with mutually prime m and n. In this case, one should use as χ * R the Schur polynomials s * R and define the coefficients c Q R from the relation
where
Thus, for the toric knot T [m, n] one has
The ordinary knot invariant arises when the special values are substituted for p k :
Following [15] we denote the values of quantities at p k = p * k by stars. However, one can describe in this way only the knot polynomials. In order to obtain a generic link polynomial, which corresponds to T [ml, nl], l being the maximal common divisor of m and n, one has to consider more general initial condition, with the coefficients c Q determined instead of (12) from
HOMFLY polynomials from R-matrix
The origin of formula (14) is in the R-matrix formulation of HOMFLY polynomials. To see this, let knot K be presented as a closure of the braid b ∈ B m , such that b is expressed somehow through the generators of the braid group:
Then the quantum group invariants can be obtained using the well known universal R-matrix representation of the braid group:
such that the invariant is given by the quantum trace
The quantum dimension is the quantum invariant of the unknot which is the closure of a single strand
where ρ is sum of the positive roots of the algebra. In this simplest case of the braid group, B 2 it is generated by the single element g. The toric knots T [2, 2k + 1] are the closures of g 2k+1 and the toric links T [2, 2k] are the closures of g 2k . Consider the simplest case of the fundamental representation of su (2) . In this case one has
The R-matrix acts in the product of representations
As the centralizer of the quantum group U q (su(2)), it acts as a scalar on the irreducible representations [2] and [1, 1]. Indeed, the characteristic equation for this R-matrix has the form
i.e. it has three eigenvalues equal to q and one eigenvalue equal to −q −1 . The first three correspond to the three-dimensional symmetric representation [2] and the last one to one-dimensional [1, 1] . By definition, one has tr [2] 
so that the Jones polynomials (i.e. the HOMFLY polynomial with a = q 2 ) for knots and links are
For the generic toric knot T [m, n], the braid representation has the form b[m, n] = (g 1 g 2 ...g m−1 ) n ∈ B m , which again has extremely simple eigenvalues on the irreducible representations.
Fundamental representation
In particular, for the fundamental representation
Note that s 22 with κ 2 = 0 does not contribute in this case. Similarly, in the case of
the two other characters s * 32 and s * 221 would enter multiplied by q −4n/5 and q 4n/5 respectively, but they do not appear in the sum. This is the general rule: only terms with integer values of nκ Q /m appear in the sum: for other Q the coefficients c Q [1] automatically vanish(!). In fact only the Young diagrams which have no more than one non-unit row and no more than one non-unit column do contribute:
and in general for the fundamental representation
Other representations
In the next simplest representation
Note that at n = 1 this expression (and that of the previous subsection) turns into
i.e. proportional to the unknot polynomials s * R in accordance with the initial condition (1).
Non-toric knots
A similar construction persists equally well for non-toric knots. For instance, the series of knots which starts from 5 2 have the HOMFLY polynomials
and n is multiple of 3, since 5 2 is described by a 3-strand braid. Therefore, the series is given by n = 3k and, with increasing k, one obtains more and more involved knots: 5 2 for k = 0, 10 139 for k = 1 etc.
3 Deformation to MacDonald characters.
General construction
The generalization of HOMFLY to the superpolynomials along the line of the generic construction described in the Introduction is quite immediate. That is, the general formula for the superpolynomial is of the form
where the coefficients c Q R now depend on not only on the number of strands m and the representation R, but also on p. These coefficients are explicitly described in section 6, here we only illustrate the calculations with a few examples and discuss their general structure in the fundamental representation case.
The biggest loophole is the lack of the simple rule (13) : this makes evaluation of c Q R for |Q| ≥ 4 a piece of art. There is also uncertainty in the choice of superpolynomials for the unknot in non-fundamental representations
MacDonald dimensions
For manifest calculations one needs to know explicitly the quantities M * R . These are:
and so on.
To understand the structure of these formulas one should keep in mind the simple picture: 
MacDonald dimensions are double deformations of ordinary dimensions of SL(N ) representations D R (N ) in two directions: to q = 1 and to β = 1. Instead of β in MacDonald polynomials one often uses t = q β , but in the limit q → 1 also t → 1, but parameter β survives. In all the deformations one substitutes N by A = t N = q βN , and all dimensions are actually the values of the corresponding characters at the special point (8) . In the classical case q = 1 this corresponds simply to putting p k = N .
The dimension D R (N ) = s R (p k = N ) is expressed through the Schur functions (ordinary SL(∞) characters) and is always a product of N -linear factors. Deformed are actually the individual factors. Especially simple is the reconstruction of the ordinary quantum dimensions s * R (a|q) from D R (N ): each factor is substituted by its quantum counterpart,
The only tricky point is the deformation of non-prime integers: 4 can become either [4] or [2] 2 , and this is the only representation-dependent ingredient in the reconstruction of ordinary quantum dimensions. With β deformation things are somewhat trickier. The rule is that while negative shifts of N are not deformed, N − k → N − k (or, rather, N − k → βN − βk), the positive shifts are:
To the generic MacDonald dimensions, one can use the nice formula (see, e.g., [10] ):
valid for integer values of β and N . As usual, the result can be easily continued to arbitrary β and A = t N . Even more useful is the general expression for M * R that generalizes the hook formula for D R (N ) (see Fig.1 ):
where k = R j − i − 1 and R i − j − 1. These formulae can be further continued to elliptic (Askey-Wilson) deformations (and further to the Kerov polynomials), but this is beyond the scope of the present paper.
From HOMFLY to the superpolynomial: an example
The simplest superpolynomial is (n is odd here)
i.e. looks the same as (24), but with
Such a simple substitution rule does not work for most of other knots and other representations, but in this case it does! At the same time, the first formula in (24) is naturally deformed into
with some yet unknownq and γ.
Comparing (44) with (42) at arbitrary values of n we conclude that they coincide if
and
Relation (46) is consistent with the identification suggested in [20, 10] 
Thus, we obtain the following expression for the superpolynomial
or, more explicitly,
After substitution of (48) this turns into the superpolynomial per se, with all expansion coefficients positive integers, which is, of course, not obvious neither from (50), nor, in fact, from (42). More precisely,
and for n = 2k + 1, i.e. for links, consisting of a single knot, all the coefficients in the expansion of the r.h.s. are obviously positive integers:
The rules for γ evaluation
What is important for other cases, where there are no known answers for the superpolynomials to compare with, (50) gets drastically simplified at n = 1 due to the initial condition (1): in this case the knot is equivalent to the unknot (we take into account the different normalizations of the polynomials for the unknot and for the T [2, 2k + 1]-series):
This allows one to define γ not from (47), but directly from (49) as
In variance with (47), this rule defines γ entirely in terms of the MacDonald dimensions M * R , without any reference to a priori knowledge about the superpolynomials. This makes the MacDonald construction completely self-relied, and allows one to construct superpolynomials in the situations where they are not yet known. As already mentioned, arising expressions do not explicitly possess the positivity property of the superpolynomials, it should be proved separately. However, for every concrete knot one easily checks this is really the case.
In fact, starting from the initial condition and requiring polynomiality of the whole series, one can immediately construct any series of toric knots T [m, k + p]. We list many examples of such series in s.5. Here we would like to discuss their general structure.
First of all, let us note that for the braid with m strands the coefficient c [m] = 1 (since in the Abelian case, A = t the superpolynomial reduces to the pure framing, and all M * R but M *
[m] are equal to zero at A = t, see (41)). This is the only term which survives when n → ∞ provided |q| < 1, |t| < 1:
One immediately recognizes in this expression formula (118) from [7] and (A2) from [20] . Second, in the case of fundamental representation one can construct the generic formula for knot T [m, m+1]:
the coefficients c Q in this case are given by a product of two factors
the first of them being defined from the system of linear equations (cf. the HOMFLY case, when only this first factor is present)
while the second factor is manifestly given by the formula
with the proper power α Q . The first γ Q are:
Similar rules can be easily written down for other series of the toric knots.
Non-fundamental representations. The problem of unknot
The split W -evolution, considered in this paper, describes knot invariants in terms of vectors in the linear space of MacDonald polynomials M R {p}, which is, at the end of the day, projected onto the smaller subspace of MacDonald dimensions M * R . In this paper we consider the discrete-time "evolution", describing attachment of any number of "toric braids" to any original braid. Of course, other types of attachments can be considered in a similar way, but in this paper we concentrate on this one. Such an evolution is defined by the MacDonald counterpart (splitting or "refinement") of the cut-and-join operator W [2] and is universal: it depends on the choice of [m, n] and on the representation in a simply controllable way. However, the result of evolution depends on the starting point: on "the initial condition". Already in the simplest case of the series T [m, mk + 1] this initial condition at k = 0 is given by the unknot, and all the results for all other knots and links depend on the choice of this initial condition, i.e. on the formula for U nknot R . The naive choice of the MacDonald dimension for the role of this quantity,
which naively generalizes the standard choice of the usual quantum dimensions for the HOMFLY unknot, is indisputably correct for all the fundamental (totally antisymmetric) representations R = [1 |R| ]. However, it is far less obvious for other representations R. The problem is that there is no a priori definition, and there are different opinions on what to insist on. Since this is not a focus of the present paper, which is devoted to the very idea of representation in the space of MacDonald polynomial and to consideration of discrete evolutions in this space, we do not go into any detail of the unknot problem here. For illustrative purposes, we describe the simplest example of what the split W -evolution gives in the case of the simplest symmetric representation R = [2] for toric knot T [2, 2k + 1], assuming the naive choice (64) for the unknot:
where the coefficients
This result coincides with that of [10] , where the choice (64) is also implicitly made. An alternative choice for the unknot is discussed in [8, 20] . The point there is that, for R = [1 |R| ], the MacDonald dimensions M * R are not polynomials in q and t, even if one substitutes A = t N with integer N . One can guess (and check) that this has unpleasant implication for the toric links: the split W -evolution, starting from initial condition (64) gives rise to non-polynomial expressions for the links. A simple way out is to change (64) for some linear combinations,
which are polynomials after the substitution A = t N . Only two examples are explicitly given in [8, 20] 
The main part of the coefficients in the matrix V RS here comes from the linear transformation between the Schur and MacDonald functions [20] :
The split W -evolution preserves this "weak-polynomiality" condition and cures the problem for the links. It, however, changes the answers for knots as well. We plan to address this whole issue elsewhere. Here we only illustrate that the split W -evolution works for arbitrary representations, but we do not insist that these illustrative examples are the correct superpolynomials: this depends not only on the evolution, but also on the choice of U nknot R as the initial condition. It deserves noting that this situation, that after the β-deformation the "correct" unknots are different from the "nice" (fully factorized) ones M * R , has another well-known counterpart in the theory of AGT relations. Namely, for β = 1 the "correct" objects, which in this case are the Selberg averages (correlators) of MacDonald polynomials, which enter the Hubbard-Stratonovich duality relations, are non-factrorizable, while the "nice" factorized quantities, Nekrasov functions are related to them by a non-trivial linear transformation. Of course, this is not just an analogy: the both theories (knot invariants and AGT relations) are directly connected in the framework of the so-called "3d AGT relations" [12, 13] , but details should still be worked out, with an obvious profit for both these fields.
Unknots from modular matrices [10]
Let us explain what is the unknot superpolynomial in accordance with [10] . There was developed a formalism of the Hilbert spaces for computations of the superpolynomials. In this framework the Hilbert space of the beta-deformed (refined) Chern-Simons theory coincides with the set of representations of SU k (N ) at some level k. This is the finite dimensional space labeled by all Young diagrams Y lying inside the k × (N − 1) box, and corresponding wave functions (states) are the MacDonald functions M Y with the parameters
The superpolynomials can be computed exactly as in the case of the pure Chern-Simons theory as the vev of the Wilson loop in S 3 . It is convenient to represent the sphere S 3 as union of two tori with identification of the cycles (0, 1) and (1, 0). Then the answer for the superpolynomial is given by
where V R is the operator creating the Wilson loop in the representation R that wounds cycle (1, 0), explicitly defined on the set of the wave functions as multiplication on M R :
The operator K = S i1 T S i2 ... deforms the cycle to the nontrivial torus knot T [m, n] (1, 0) → (m, n), the operators S : (1, 0) → (0, 1), identifies two vacua at different tori in such a way that the resulting space is S 3 . All we need is the explicit expressions for S and T found in [10] :
[] is some constant. For example, for the unknot K = S and one obtains
i.e. the vev of the unknot is given by the refined quantum dimension
Using this formulas we have computed the superpolynomials for the torus knots for several first levels in k, N , and R and found that the results are in full agreement with ours.
Link polynomials
A subtle point of our story concerns the links. Toric links do not seem too much different from the toric knots, and the only thing to change in our construction is the initial condition. Links contain several disconnected (but intertwined) components, and link invariants depend on several independent representations. Thus, the initial condition involves a product of characters and, thus, non-trivial (but easily calculable) LittlewoodRichardson coefficients. The problem, however, is that what one gets in this way is not a superpolynomial: the result of the cut-and-join evolution is not a polynomial in q, t-variables. In fact, this problem is well known: already the HOMFLY polynomials for links are not really polynomials if A and t are considered as independent variables, as in the case of knots. They become polynomials in q only after the substitution A = t N , i.e. the polynomiality property is much weaker for links than it is for knots. Moreover, even this weaker property survives β-deformation only for the fundamental representations
, then the result of the evolution, which starts from the MacDonald dimensions is not a polynomial in q, t, even if one substitutes A = t N . The problem is, in fact, inherited from the level of unknots: the MacDonald dimensions M * R
In [8] and further in [20] a radical way out was suggested:
, and substitute it by an expression which does become a polynomial for A = t N . If our cut-and-join evolution starts from such initial condition, it provides answers for links which are polynomial in the same sense and coincide with those in [8, 20] up to a linear transformation. The coefficients of these polynomials, however, are not always positive, as one would demand for the true superpolynomials (see [20] for discussion and suggestions about this problem).
Let us stress again that this problem has nothing to do with the fundamental representation where, for instance, the superpolynomial for link [m, km] takes the form
with the coefficients c Q
[1] being determined as unique solutions to the system of linear equations
They are given explicitly by
where M Q (δ k,1 ) is the value of the MacDonald polynomial at the point p k = δ k,1 .
Non-toric knots
Another interesting set of problems concerns non-toric links. Our cut-and-join evolution actually describes, what happens when we glue toric braids R m to any "initial" braid B m . This is true, at least, in the HOMFLY case, when the quantum R-matrix is well defined and well known; however, as we demonstrate in this paper, it looks like everything works if one assumes that the same remains true after the β-deformation. This means that if one knows the superpolynomial
then one also knows
1 Note that the recent suggestion in [10] corresponds to the choice unknot R = M * R , not to the choice of [8, 20] .
i.e., starting from a known HOMFLY or superpolynomial for some knot, one can reconstruct the same polynomials for the entire series obtained by the cut-and-join evolution. It turns out that sometimes this idea works, but sometimes it fails, at least. partly. For example, the evolution of the 3-strand braids converts the superpolynomial for the figure-eight knot 4 1 into polynomials, but with some coefficients negative. At the same time, for the next simple 3-strand knot 5 2 it produces polynomials with all coefficients positive, which have chances to be superpolynomials for some other knots. The first term of this evolution series is HOMFLY equivalent to 10 139 , but no superpolynomial is known for it to compare. Speaking in more explicit terms, the HOMFLY series that includes 5 2 and 10 139 was constructed in (34), while the corresponding series of the superpolynomials is
with the coefficients:
First two superpolynomials in the series are: Note that, in variance with the toric knots, the result depends on odd powers of q and the superpolynomial in terms of (A, q, t) has not only positive coefficients. The situation is improved by transition to the variables (A, q, t): The coefficients here are all positive. One can repeat the same procedure for the figure eight knot and construct a series
In this case, however, even using the variables (A, q, t) does not make the polynomial positive:
Reductions of superpolynomials
The superpolynomial depends on three parameters, therefore, there are a lot of various reductions to simpler polynomials. For instance, the HOMFLY polynomial is obtained by putting t = q or, which is the same, t = −1. The HOMFLY polynomial can be further reduced to the Jones polynomial (t = q, A = q 2 or t = −1, a = q 2 ), Alexander polynomial (t = q, A = 1 or t = −1, a = 1) or special polynomial (q = t = 1 or t = −q = −1). At last, there is yet another important reduction of the superpolynomial, the Heegard-Floer polynomial, which is described below.
Alexander polynomial
The choice of t = q and A = 1 corresponds to N = 0 and is known as the Alexander polynomial
This object is interesting, because it also appears in many other branches of theory and this can be used for the study of dualities between Chern-Simons theory and other theories. In this paper we exploit in the next subsection one of such links: between the toric knots and the singularity theory of Riemann surfaces, relating T [m, n] link and the complex curve x m = y n , which allows one to construct explicitly the Heegard-Floer polynomial in the fundamental representation, which is a certain reduction of the superpolynomial at a = 1/t, directly from the Alexander polynomial. This is important, because the Alexander polynomial can be directly read from (31) in the general form for arbitrary T [m, n]. Indeed, at A = 1 the ratio
so that
Heegard-Floer polynomials
In order to construct the Heegard-Floer polynomials, one has first to omit all pairs of monomials of the superpolynomial, differing by a factor a 2 t 3 and obtain the reduced superpolynomial (more accurately this is done by calculating homologies of the operator d 0 with grading (−2, 0, 3) w.r.t. (a, q, t) [7] ). The Heegard-Floer polynomial is then obtained from the reduced superpolynomial by putting a = 1/t, i.e. N = 0, practically in the same way as the Alexander polynomial is obtained from the HOMFLY polynomial:
What is important, at least, for the fundamental representation and for the algebraic knots (for the toric knots T [m, n] in particular) a way is known [17] to construct F R from the Alexander polynomial, and, thus, from the HOMFLY polynomial. The method is based on relation to the singularity theory of degenerate Riemann surfaces. Take the Alexander polynomial A R (q) = H R (a = 1, q). Then define the Poincare polynomial
with c i+1 ≥ c i being an infinite series. 2 Then, define the reduced Poincare polynomial
This is already a finite-order polynomial. Next convert all entries with the positive and negative coefficients in the following way:
By definition we obtain a polynomial with all coefficients positive (divided by some power of q and t). This polynomial coincides with (95). Thus, one has a possibility of checking the superpolynomial by reducing it to the Heegard-Floer polynomial, calculating this latter independently via the reduced Poincare polynomial and then comparing the results.
Examples:
Fundamental representation for the trefoil.
The reduced superpolynomial in this case is just the same. Thus,
On the other hand,
Next steps convert the Alexander polynomial into
Fundamental representation for T [3, 4] .
Underlined are the terms eliminated by reduction. Therefore,
On the other hand, from the same P one obtains
The underlined term in the last transition demonstrates the need to invert the powers of q and t (the set of all other terms is left intact by this inversion).
Special polynomial and Catalan numbers
The limit of q = 1 is singular from the point of view of the Chern-Simons theory. It is actually the genus zero limit, with N → ∞, → 0, t/Hooft coupling N = log a fixed. As usual in this limit much is simplified, and some non-trivial properties get revealed. We call this limit of the HOMFLY polynomial the "special" polynomial
One of its remarkable properties, at least, for the toric knots, is a very simple dependence on the representation variable R:
Among other things this immediately implies integrability of the knot theory in the genus zero limit: S R (a) satisfy the Plücker relations [22] . Like the Alexander polynomial, S 1 can be written down explicitly for the arbitrary T [m, n]:
For example,
The coefficients in this expression have a remarkable dual interpretation: they count paths of some special types on rectangular 2d lattice. In particular, for n = m + 1 the free coefficient is the Catalan number:
This duality implies that in general the superpolynomial P 1 (a|q|t) should be a polynomial of a with coefficients, given by (q, t)-weighted sums over the same paths (sometime called (q, t)-Catalan numbers). The explicit statement is known at least for the n = m + 1 case [21] , we used it for testing our general formulas for the toric knot superpolynomials.
From Catalan numbers to superpolynomials
Now we describe how to extend the dual language of sums over paths to the superpolynomial case. First of all, note that the HOMFLY polynomial for the torus knot T m,n with coprime m and n can be written as
i.e. at q = 1 this formula, indeed, gives (110). This formula is looking as simple as (31), however, these two are related via a non-trivial resummation. Now we are going to present this formula as a sum over paths in the general case of superpolynomial.
To this end, we define the (m, n)-Dyck path as a lattice path from (0, 0) to (m, n) (i.e. the line from (0, 0) to (m, n)) which consists of the steps E = (1, 0) and N = (0, 1) which never go below the diagonal. This path can be presented as a word that consists of E and N , with m instances of E and n instances of N .
The external corner is an occurrence of EN in the word defining the path. The k-marked (m, n)-Dyck path is an (m, n)-Dyck path with k external corners marked (this path should have at least k external corners).
Then the number D k m,n of the k-marked (m, n)-Dyck paths for coprime m and n is equal to 
For the k-marked (n, n)-Dyck path π insert the diagonal steps instead of the marked corners, i.e. substitute the marked occurrences of EN with D, where D is the (1, 1) step. We denote the area above π as S(π).
Define the bounce path as the path of a ball starting from (n, n) to the west, turning south if hitting N steps, sliding along the diagonal steps while going westward and turning east when reaching the diagonal. Let  (b 1 , b 1 ) , . . . , (b l , b l ) be the points where the bounce path intersects the diagonal (Fig. 3) . Define also b(π) as
and D k n,n (q, t) as Figure 3 : A 2-marked (7,7)-Dyck path (red) with the marked corners replaced with the diagonal steps and its bounce path (grey)
where the sum is taken over all k-marked (n, n)-Dyck paths. Now one can formulate a conjecture for the superpolynomial for torus knot T [m, m + 1]:
Now the key point is what are the quantities b i . Defining them following [21] , one can reproduce the cases m = 2 and m = 3. Using our definition above, one can reproduce the superpolynomial P (a, q, t) which at t = −1 coincides with the HOMFLY polynomial and gives rise to the correct Heegard-Floer homology. Unfortunately, this technique gives wrong superpolynomials starting from m = 5. Nevertheless, the proper superpolynomials (coinciding with our results obtained in this paper) can be still obtained with some tweaking for m = 5, 6.
Conclusion
To conclude, we formulated a very simple and practical prescription for recursive evaluation of the superpolynomialP R (a|q|t) for all toric links T [m, n] (they are single knots when m and n are mutually prime) and sometimes even non-toric. That is, we introduce the split W -evolution which describes knot invariants in terms of vectors in the linear space of MacDonald polynomials M R {p}, which is, at the end of the day, projected onto the smaller subspace of MacDonald dimensions M * R . The prescription is a straightforward modification of the known generic expression (14) for the HOMFLY polynomials, which is an example of the W -representation, and is absolutely explicit: see, for example, (31), where the r.h.s. contains only the quantum dimensions of SL(N ) representations. The only difference in the superpolynomial case is that one should substitute the ordinary quantum dimensions by the explicitly known MacDonald dimension and deform the expansion coefficients in (14) . The rule is that the HOMFLY polynomial
is substituted by the superpolynomial
The new coefficients c Q R , which are rational functions of q and t, are recursively defined from the initial condition (1). These numbers depend on the residue p = n mod(m), i.e. on the choice of a particular series T [m, mk + n m ] of the toric knots. Finally, the conventional superpolynomials P R (a|q|t) of [7] are obtained by the change of variables (48), suggested earlier in [20, 10] which describe somewhat parallel, but far more sophisticated algorithms for constructing the superpolynomials. Unfortunately, we have not yet managed to raise the initial condition from the subspace (8) to the entire p k -space. Therefore, it is insufficient to determine all c Q with |Q| ≥ 4. The remaining coefficients are evaluated in a less algorithmic way: from the condition that the r.h.s. of (120) is indeed (proportional to) a polynomial.
We listed some examples of the superpolynomials, some known, some new, see the table below. We also tested consistency with the construction of the Heegard-Floer polynomials which was recently suggested in [17] and with expressions for the T [m, m + 1] knots (and the fundamental representation R = [1]) found in [21] . For non-fundamental representations R = [1 |R| ] the final expressions depend on the choice of the superpolynomials for unknots which is still a subject of dispute in the literature. We address the issue in more detail elsewhere.
A conceptual meaning of the entire construction, its relation to deformations of quantum R-matrices (to dynamical R-matrices of the Ruijsenaars model, underlying the theory of MacDonald functions), to integrability, to 2d and 3d AGT relations (including relation to the WZNW models already exploited in [10] ), to matrix models and to their W -representations a la [19] will be discussed elsewhere.
Tables of superpolynomials for toric knots 6 Examples 6.1 Case (2, n), series n = 2k fundamental representation
Our answer for the Hopf link P [2, 2] is in full agreement with the known results, for example [8] and generalize it to m > 2.
• HOMFLY case
6.2 Case (2, n), series n = 2k + 1 fundamental representation
[1] = 1, c
such that we obtain: 
one can check that the normalized polynomial P 2,2k+1 here coincide exactly with one obtained in [7] .
• HOMFLY case At the point t = q we have:
several first answers are:
and the results coincides with well known HOMFLY polynomials.
• Floer case 
• Alexander case
6.3 Case (3, n), series n = 3k fundamental representation
the coefficients in this case are:
(1 − q 4 t 2 ) , c 6.4 Case (3, n), series n = 3k + 1 fundamental representation
such that the first several superpolynomials are: 
6.5 Case (3, n), series n = 3k + 2 fundamental representation
• HOMFLY case 6.6 Case (4, n), n = 4k fundamental representation 
several first superpolynomials are: • HOMFLY case
6.7 Case (4, n), n = 4k + 1 fundamental representation
c [4] [1] = 1, c
several first superpolynomials are: 6.8 Case (4, n), n = 4k + 3 fundamental representation
with c [4] [1] = 1, c
three first superpolynomials: 6.9 Case (m, km), fundamental representation
For the n-component links of the form (m, km) the general answer is:
the coefficients c Q
[1] is determined as unique solutions of the system of linear equations:
explicitly they are given by:
where M λ (δ k,1 ) is the value MacDonald polynomial at the point p k = δ k,1 .
• HOMFLY case Taking the formulae above at the point t = q we find a simple expression for HOMFLY polynomial of the links:
where:
6.10 Case (m, km + 1), fundamental representation
the coefficients c
are defined from system of linear equations:
with the proper choice of integers α λ
In particular, the superpolynomials to compare with s.4.4: 
and the results coincide with well known HOMFLY polynomials.
• 
First two superpolynomials in the series are: P 
